Fourier Transform



Basic Idea

We covered the Fourier Transform which to represent
periodic signals

We assumed periodic continuous signals
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We used Fourier Serles to represent periodic continuous
time signals in terms of their harmonic frequency
components (Ck).

We want to extend this discussion to find the frequency

spectra of a given signal
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Basic Idea

» The Fourier Transform is a method for representing signals
and systems in the frequency domain

+  We start by assuming the period of the signal is T=-> INF
- All physically realizable signals have Fourier Transform

 For aperiodic signals Fourier Transform pairs is described
as

Fourier Transforms

ANALYSIS F(w) /" F()e tdi of i(t)

SYNTHESIS f(1) = / F(w)ei du

Inverse Fourier
Transforms of F(w)

Remember:
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Example — Rectangular Signal

Compute the Fourier Transform Vv
of an aperiodic rectangular pulse
of T seconds evenly distributed

about t=0. -1/2

T/2

f(y=W (t+T/2)—WVWu(t—T/2)

o0

F (@) :j_ f(t)e '“dt
Remember this the same — TV sin o(@T /2)

rectangular signal as we worked "
us

before but with TO-> infinity! -
Vrect (t/T) <—>TV sin c(@T /2)

All physically realizable signals have Fourier Transforms




Fourier Transform of Unit Impulse Function

f(t)=Ao0(t—t,)

o0

F (o) =joo F(t)e ' dt

:j Aé‘(t—to)e‘””dt = Ae '

if - f(t)=A0(t—0) > F(w) = A

thus

Example:

I YHF(w)} = f(1) =1—ro F(w)e'“dw
270 ~°

1 ¢ .
=—| oJw-w)e'"dw
27T Y~®

— 627; @gnitude and phase of f{(t)

thus

e’ <« 2710(w— W)




Fourier Series Properties

Operation Time Function Fourier Transform
Linearity af (¢} + bi{t) aF () + HEo(w)
Time shift flt — tn) Flw)e e

1
Time scaling fiat) —F =
. la]  \ &
. , , 1 o
Time {ransformaiion Flet — fy) ﬁ F e Al
t
Duality F S 2w f—am)
Frequoncy shift Fit)eso! F{ao—w)
Convolulion f| {f) ,af:l(” F| (ﬁl}) F:u(l’.l.i)
: |
Filedfa(n) Eﬁl(m}&fﬁ(m)
d"[f (¢
Dillerenalion _Eiii ) (Y £ {ew)
" F{w)]
Y Ty So=
(—Ft)°FQ@) do
!
1
Inlegration f fir)dr —F{w) + wF{N5(ew)
(i3] et

f

Make sure how to use these properties!




Fourier Series Properties - Linearity

af1(t) + bf(t) aFi(w) + bFy(w)

f(t) = B cos( w),t)

Find F(w)



Fourier Series Properties - Linearity

af1(t) + bf(t) aFi(w) + bFy(w)

f(t) = B cos( w,t)

=B/2(e" +e ™) Due to linearity
T = F(@) == T () + 23 (/)

N | @

2
Re member : e’ «——2 10w — w,)

4

[

E274*5(4)—&)0) +£27z§(w+ @,)
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Fourier Series Properties - Time Scaling

g(t) =rect (2t/T,)
Re member
f(t) = Vrect (t/T,) «——> F (@) =T,V sin c(T,@/2)

Thus ; re Ct(t /T) ¥ -. t

g(t) <G (w) |

1 -
g(t)=— f(at)] «——>G(w)=1/lalF(w/a) .
4 a=2 | ﬁ“@
v T |- e o T i,
Then -L X ! -7 T TUT c

G (w) =1—(1—)(T1V)sin c(Tw/4)
vV 2

., T I _
= (%) sin ¢(T,w/4) ' reCt(t/(T/Z)) %I
H— = B
Due to Time *
Scaling Property
Remember:
sinc(0)=1;

sinc(2pi)=0=sinc(pi)



Fourier Series Properties - Duality or Symmetry

X)) €2 X(m)
X (1) e 2 x(—)

if . F(t) — F (@)
F (1) <> 27 (—)
= (F (1)} =27 (—w)
where : f(—w) = f(t)‘___

Remember we had:

}--x\
I_l_ c f ."'. ol

J'.-."'w-u--"l v .l-l"-..-""r.'. B

Example:
Find the time-domain waveform for

F(w) = Au(@w+ B) — Au(@w— B)

Re member :

Vrect (t/T)(L>TV sin c(@wT /2)

We _ have :

F(w) = Au(@w+ B) — Au(@w— B) = Arect (w/2B)
U sin g _ Duality _ find _ F (t)

27tf (—w) = 2 7Arect (—@/ T)

= 277Arect (—w/2B)

Thus Refer to FTP
Table
F (t) =2BA sin c(Bt)

BA sin c(Bt) <> 7Arect (—@/2B)

FTP: Fourier Transfer Pair



Fourier Series Properties - Duality or Symmetry

Example: find the frequency response
ofy(t)

yi)=

1

@+ jt




Fourier Series Properties - Duality or Symmetry

Example: find the frequency response We know
Of y(t) Using Fourier Transform Pairs
]
Tl =
7 ) a+ jt x() = e u(), a> 0
|
Aler) = .
a—+ jiu
Using duality

if @ f(t) «——> F (@)
I

a+ jo

= M F (1)} =27 (—w)
where : f(—w) = f(t) o I oy Jra .-:f‘”"ﬂ“rrf{—m]
a+ jt

F (1) <2 7f (—@) “u(r) €>

m




Fourier Series Properties - Convolution

() * A < X () H ()

Proof
yig) = TI{I]&{E —r)dT = xi(E) ®hiE)

e

V@)= | y@)e?™di= | [x(r)hit —7)dr e™dt

—oo,df —oo,df —oo,d T

o0

V@)= | x() Th(r—f)e-fmf.:fmr let u=t—1

—l:ﬂ,:f-z: —Eﬂ,iif

- T x(7) Th(u)e-ﬁ-”i“ﬁ}dudf

—oo,d ¢ —oo,d

= T x(r)eV* dr Th(u)e_jm”du

—od —oo, fu

= X(w)H(w)

p(t)=x(@)*ht) o Yiw)= Xiw)H(w)

2000 & Xy @) K@)

Proof L
%, () x, () & = [ 26,0 X, (@2 — 10)due

Flx @) x, ()] = _[5’51 (), (e 7™ dt

Flx ()%, )] = j[zi j}f’l(c:)e"f“da}xg(E)e"f“"'fdf

—oo,df —oo,da

1 0 1] ]
=— | Xi(e) [x@e7 ¥ dida
2:&? —o, da R

_ ZL [ X1 ()X (@ - a)de

-, i
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Fourier Series Properties - Convolution

Example: x(@) < Xw)
Find the Fourier Transform of x(t)=sinc?(t) X(t) & 27 x(~)
1 sinc(oyesrect(2) Re member In this case we
4 2 BA sin c(Bt) <——> mArect (—w/2B) have B=1, A=1
. i ~
sincir )€ :*rrectf%] sin c(t) <—> zrect (—w/?2)
\ _ 1 v v sin c(t)(iwzrect(a)/Z) ,
xAtyx, (1) €>— m)E X (i ] 1 3
(% (1) O—X,(@)* X, () ,l{ﬂ}zﬂ_l;.?r'dm
- 2 I iT E E
sine [”{_}E{,_ rect{z}*frrectfz]] =$f2:1}=r

A . X /
" — .

T

| iy | ] | 7 1 0 1 bl .-':;

X, (@) X (@)




Fourier Series Properties - Convolution

Example:
Find the Fourier Transform of x(t)= sinc?(t) sinc(t)

sinc(f) «» rect function

sing- (1) <> triangle function

We need to find the convolution of a rect and a triangle function:

e

-2 -1 i I e
=
[
o
LA Refer to Schaum’s
’/ Prob. 2.6

—1 ] 1w




Fourier Series Properties - Frequency Shifting

x(1) e’ <> X (w—w,)

Example:
Find the Fourier Transform of g3(t) if g1(t)=2cos(200xt), g2(t)=2cos(1000xrt);

g3(t)=g1(t).g2(t) ; that is [G3(w)]

— j1000 7zt

g,(t) =5cos(200 zzt)e”™ ™ +5cos( 200 zt) e
= G,(w) =570(@w+ 200 7 —1000 7) +570(@— 200 7 —1000 1)

+ 5770(@+ 200 7 +1000 77) + 5770(@— 200 77 +1000 7)

= 570(@—800 7) +570(w—1200 7)
+ 5770(@w+1200 7) +570( @+ 800 7)

Remember: cosa . cosb=1/2[cos(a+b)+cos(a-b)]



Fourier Series Properties - Time Differentiation

F(t) «——> F (@) Example:
g(t) = df () / dt <> joF (w)
Also f(t) =sgn(1)

t 3 t) =u(t) = dg (1) /dt = O(t
o) = [ F(Ddre s F (@) +7F (0)5(@) = 6 (@) g(1) = u(t) > dg (1) (1

e jo df (t) / dt =20(t)
Note 5(1‘) 3 1
F(0) = j f(t)e"“”dtz_[ £ (1) dt thus

sgn( t) = df (t) / dt 31



