f(z2)=u(x,y)+iv(x,y) for z=x+iy
f'(z)= lim [ flz+42) - f(z)] exists
Az—0 Az

Its value does not depend on the direction.

Ex : Show that the function f(z)= x% - y2 +i2xy is
differenti able for all values of z.

for Az= Ax+ iy

£(2) = lim f(z+Az2)— f(2)
Az—>0 Az

B (X +Ax)° = (y+Ap) 2 +2i(x + Ax)(y+Ay)— x> + y* —2ixy

Ax + iAy

(Ax)? —(Ay)? + 2iAxAy
Ax + iAy

(1) choose Ay=0,Ax > 0= f (2)=2x+i2y

=2x+i2y+

(2) choose Ax =0,Ay >0=> f (z)=2x+i2y



** Another method

f(z)=(x+iy)2 = 7*

2 2 2
(2= lim [(z+Az) z I= lim [(Az) +22Az]
Az—0 Az Az—0 Az
= lim Az+2z=2z
Az—>0

Ex : Show that the function f(z) =2 y+ ix is not

differenti able anywhere in the complex plane.

f(z+Az)— f(2) 2y+2Ay+ix +iAx—2y—ix 2Ay+ilx
Az Ax + iAy Ax + iAy
if Az—> 0along aline thriugh Zzof slope m = Ay = mAx

: , f(z+A2)— f(2) 2Ay+iAx. 2m+i
f (z) = lim = [ —
Az—>0 Az Ax,Ay—>0 Ax+ iAy 1+ im
The limit depends on m (the direction) ,so f(2z)

is nowhere differenti able.



Ex : Show that the function f(z) =1/(1— z)is analytic everywhere

except at z=1.

! f(z+A2)— f(2) 1 1 1
f = i = | -
(2) Alzrlo[ Az ] Alznlm[ Az(1 —z—Az 1 —z)]
1 1

im =
Az—0 (1—z—AZ)(1-2) (1 —z)2
Provided z#1, f(z)is analytic everywhere such that

f '(z) is independen t of the direction.




Cauchy-Riemann relation
A function f(z)=u(x,y)+iv(x,y) is differentiable and analytic,
there must be particular connection between u(x,y) and v(x,y)
L= lim I f(z+Az)— f(z}]

Az—0 Az
f(z)=u(x, y)+iv(x, y) Az=Ax+il\y
f(z+A2)=u(x+Ax, y+Ay)+iv(x+ Ax, y+ Ay)
_ u( x+Ax, y+Ay)+ivix+Ax, y+Ay)—u(x, y)—iv(x, y)
= L= lm |
Ax, Ay—0 Ax +fﬁ_}"‘

(1) if suppose Azisreal = Ay=0
u(x+ Ax, y)—u(x, y}+rv(x+ﬂx, y)—v(x, y}]_ﬁ'u Ov

= L = lim | i +
Ax—>0 Ax Ax Ox  Ox
(2) if suppose Azis imaginary =>Ax =0
= im [U(L}’+ﬁ}’}—U(L y) v y+Ay) —v(x, .v}]=_j@ ov
Ay—>0 iy iy Oy Oy
Ou Ov Ov Ou
—=— and —=-— Cauchy - Riemann relations
Ox Oy Ox Oy




Ex :In which domain of the complex plane is

f(z) =l x|—i| ylan analytic function?

u(x, y)=lx1, v(x,y)=—1yl
(1) Ou = aV=> 0 | x |= i[—| ] = (@ x>0, y<0 the fouth quatrant
Ox Oy Ox Oy d i 9
(b) x <0,y >0 the second quatrant
Ov Ou 0 0
) — == [- -
()ax 5 6x[ |yl aylxl

z= x+iy and complex conjugate of zis z =x— iy

= x=(z+2z)/2 and y=(z—2z)/2i
Of Of Ox Of Oy 1 Ou Ov. | Ov Ou
=>—= —+ = ()t (—+)
0z ©Ox9Pz Oyodz 2 Ox Oy 2 Ox Oy

If f(z)is analytic ,then the Cauchy - Riemann relations

are satisfied. —=>0f/0z =0 implies an analytic fonction of Zzcontains

the combinatio n of x+ijy,not x—ijy




If Cauchy - Riemann relations are satisfied
0 Ou 0 Ov. 0O Ov 0 Ou 0*u 0%u
) ()= ()= () == () D> +———=0
Ox Ox Ox Oy Oy Ox Oy Oy Ox y
’ o’v  8%v
(2) the same result for function v(x, y) = st 5 5=
Ox y
—> u(x, y)and v(x, y)are solutions of Laplace' s
equation in two dimension.

For two families of curves u(x, y) = conctant

and v(x, y) = constant,

the normal vectors correspond ing the two curves, respective ly, are
_ Ou - Ou - _ Ov .~ Ov -
Vu(x,y)=—i+—jand Vv(x,y)=—i+—

Ox y Ox Oy
_ - Ou Ov Ou Ov Ou Ou Ou Ou
Vu-Vv= = =0 orthogonal

+ =— +
Ox Ox Oy Oy Ox Oy Oy Ox




Power series in a complex variable

Lo u] Lo u]
f(z)= Zanz" = Zanr" exp( in &)
n=0

n=0
o)
if Zl a,| r" is convergent —=> f(2z)is absolutely convergent
n=0
o)
Is Zlan | r” convergent or not, can be justisfied by" Cauchy root test".
n=0
The radius of convergenc e R = —=1Ilm |a, |”" — (1) | zKK R absolutely convergent

R n—»o0
(2) | z|> R divergent

(3) | z|= R undetermin ed

n

o)
z 1
(1) E —I:> lim {—}1 " —pg>R= a0 converges for all z
n

—_nl n—w nl
n=0

o
(2) Zn! z" = lim (n!}”" = 0= R =0converges only at z=10

n=0 n



Some elementary functions

V4
Define exp z= Z—
n!

Ex :Show that exp z, exp z, =exp( z;, + z,)

= (z, +2,)"
exp( z +zz)=z 1 n|2
n=0 :

n_n—2 2 n_n—r _r

(e 0]
1
=Z;(Cé’z1"+0"z1" Tz, vC) AT .+l 2

s_r . 0;7 1 n! 1
set n =r + s= the coeff. of z 'z, is = =
n! nt(n—=r)rl dr!
€Xp z, €xp z; = Z Z ZZ z1 2
st s—Or—O

There are the same coeff. of z’ z, for the above two terms.



Define the complex comonent of areal number a>0

= z"(In a)"

a’=exp( zln a) = Z

n=0

n!

(1) if a=e=>e”=exp( zIn €) =exp z the same asreal number

2 . 3
: i
(2 if a=e z=iy = e” =exp( iy)=1—y——y—+...
2! 3!
y: .y y’
=1———4+—++... +i(y——+..) =cos y+isin y
2! 4! 3!
@) if a=e z=x+iy=>e*" =e*e” =exp( x)(cos y+isin y)



Set exp w==2z

Write z=rexp i@ for risreal and —7Z< @< 7w

= z=rexpl i(@+2n7m) =>w=1Lnz =In r+i(@+2n7x)
Lnz is a multivalue d function of z.

Take its principal value by choosing n =0
=>Inz=Inr+il -7<0<rx

If t#0and zare both complex numbers, we define

t* =exp( zLnt )

Ex :Show that there are exactly n distinct nth roots of t.
1

- 1
t" =exp( —Lnt ) and t=rexpl i(@+2kx)
n
L 1
= t" =exp[ —Inr+ ]=r"expl i
n n n

i(6?+ 2k7T) L (@+ 2k72')]



Multivalued functions and branch cuts

A logarithmic function, a complex power and a complex root are all
multivalued. Is the properties of analytic function still applied?

Ex : f(2)=2z"'? and z=rexp( i6) (A)y A

(A) ztraverse any closed contour C that

dose not enclose the origin, @return r

to its original value after one complete g

oo X
circuit.

B y4
(B) @— @+ 2z enclose the origin (B) .
1/

C
r'?exp(i8712) > r''* expl i(8+27) /2] / 9

=—r""%exp( i6/2)

= f(z2) > —f(2)

z=0is a branch point of the function f(z)= z'/?




Branch point: z remains unchanged while z traverse a closed contour C
about some point. But a function f(z) changes after one complete circuit.

Branch cut: It is a line (or curve) in the complex plane that we must cross,
so the function remains single-valued.

Ex : f(z)=z1/2

restict d=>0< <27z
—> f(Zz) is single - valued ® > >




Ex :Find the branch points of f(z)=+ Z +1,and hence sketch

suitable arrangemen ts of branch cuts.

f(z}=m=\/(z+f}(z—f} expected branch points : z==%j
set z—i=ryexp( i) and z+i=r,exp( i&,)
= f{z)=mexp( i€ 12)exp( ié,[2)
= .\/rr, expl i(6 +6,)
If contour C encloses
(1) neither branch point, then & = &, 6, > 6, = f(2) > f(2)
(2 z=ibut not z=—i,then & > & +27,6, > 6, = f(z) >—f(2)
(3) z=—ibut not z=i,then & > 6,.6, >, +27x= f(z)>—f(2)
(4) both branch points, then & — & +27, 6, > 6, +27= f(z) > f(2)



f(z) changes value around loops containing

either z=jor z=—i.We choose branch cut as follows

A
& ® s
. Pi
®/
>
X
®—1
®—/




Singularities and zeros of complex function
g(2)

(z—zy)"

Isolated singularit y (pole) : f(z) =

n is a positive integer, g(z) is analytic at all points in
some neighborho od containing z=z,and g(z,)#0,

the f(z)has apole of order nat z= z,.

** An alternate definition for that f(Zz) has a pole of

order nat z=z,is

lim [(z—2z,)" f(2)] =a
zZ—> 2z,

f(z)is analytic and ais a finite, non - zero complex number
(1) if a=0,then z= z, is a pole of order less than n.
(2) if ais infinite, then z= Zz,is a pole of order greater than n.
@) if z=2z,isapole of f(z)=| f(2)|> oas z—> z,

(4) from any direction, if no finite n satisfies the limit —> essential

singularit

y



Ex :Find the singularit ies of the function

1 1
(1) f(2) = -
11—z 1+=z
2z
= f(z)= poles of order 1at z=1and z=-1
(1—2z)1+ 2)

(2) f(z) =tanh =z
__sinh z _exp z—exp( —2)

cosh z exp z+exp( —2)
f(z) has a singularit y when exp z= —exp( —2)

—>exp z=expl i(2n+1)7] =exp( —2) n is any integer
1

= 2z=i2n+1N)7x=z=(n+—)4d
2

Using |' Hospital' srule

i 1{[.:-:—lf.ﬂl+1;"2}.=’z:“]sinh z}= o

{[z—(n +1/2) 4] cosh z+sinh =z

z—3(nH/2)m cosh z z—3(nH/2)m

each singularit vy is a simple pole (n =1)

sinh z



Remove singularti es:

Singularit 'y makes the value of f(z)undetermin ed, but lim f£(2)
zZ—> 2z,

exists and independen t of the direction from which 2z, is approached

Ex :Show that f(z)=sin z/zis aremovable singularit y at z=0

Sol :lim f(z)=0/0 undetermin ed

z—0
3 5 3 5
1 z z z
f(2)=—(z——+——........ ) =1——+——...
z 3! 5! 3! 5!
lim f(z)=1 isindependen t of the way z— 0, so

Zz—0

f(z) has aremovable singularit y at z=0.



The behavior of f(Zz)at infinity is given by that of
f(1/&)at £=0, where £=1/z

Ex : Find the behavior at infinity of () f(z)=a+bz °

(i) f(2)=z(1+z")and (i) f(2)=exp z

() f(2)=a+bz > =>set z=1/E= F(1/E) =a+b&
is analytic at £=0=> f(z)is analytic at z=o0

() F(2)=2z1—2°)= F(1/E) =1/E+1/&° has apole of

order 3 at z=o00

(i) f(2)=exp z=> F(1/E) =) (n) &
n=0

f(z) has an essential singularit y at z=00



If f(zy)=0and f(2)=(z—2z,)" g(2),if nis
a positive integer, and g(z,) #0

() z=2z,is called azero of order n.

(i) if n=1, z= 2z, is called a simple zero.

(i) z= z, is also a pole of order n of 1/ f(2)



Complex integral

A real continuous parameter t,for & <t< f
x = x(t), y= y(t)and pointA ist=«,

point Bist=/

:>IC f(z)dz =IC (u+iv)(dx +idy)

=I udx —I de+iI udy +ij vdx

d dx
_[ V—dt+ —ydt+ijﬂv—dt

_j'ﬁ dX
a dt a dt

Y B
c, T //o\‘
4 ~
€147 ~/
E R4 .
P, J
P, ;
A .. —|..w C3




Ex : Evaluate the complex integral of f(z) =1/ 2z along

the circle /z/ = R, starting and finishing at z=R.

z(t)y=Rcost+iRsin t,05t<27x

dx d) 1 X—i
— =—Rsin t,—y=Rcost, f(z)= = 4 =u+iv,
dt dt x+iy x*+y?
X cos t -y —sin t
x“+y R x“+y R
1 27 cos t _ 2z —sin t
I —dz = (—R sin t)dt—j ( )R cos tdt
C, z 0 R 0 R
(27 cos t f27 —sin t ,
+/j R cos l’dl’+lj ( )(—R sin t)dt
0 R 0 R

=0+0+iZx+imZ=27m

** The integral is also calculated by

idt =27

I dz _IZE—Rsin t+ iR cos tdt _jzz
C, z 0 Rcos t+ iR sin t 0

The calculated result is independen t of R.




Ex : Evaluate the complex integral
(i) the contour

the half -plane y=0

(i) the contour C ; made up of two

C , consisting of the semicircle

straight

of f(z)=1/zalong

| ZzI= R in

lines C 5, and C gy

(i) This is just as in the previous example,

ngrgm:_[c dz | z= 7

but for

Ay
iR
\\\CBa
S t=0

C
(i) Co,:z=(1—t)R+itR for 0 <t<1 3t
C,p:—SR+i(1—s)R for 0 < s<1 s=1."

J- &z (1 —R+IiR +J- —R
c. z OR+t(—R+IR) 0jR+s(—R—IiR)

1T =14 1 2t—1 1 1
1sttern = [ ——dt = —dt+i —dt

01—t+1it O1—2t+2t 01—2t+2t

1 i L t=1/2

=—[In( 1—2t+2t%)] |; +—[2tan ~'( N1
2 2

2 2 2 2

a

2
a + x

—1, X
2ti:{=1:;'|n (—)+c¢

a




T 14 1(1+i)[s—i(s—1)]ds

2nd term = ds =
0 54 i(s—1) 0 &% 4+(s—1)>
1 2s—1 [ 1
- - ds+lI > ds
025" —2s+1 025" —2s+1
1 1.8—1/2
=—[In( 2s* —2s+1)] I +itan ' (——) |s
2 1/2
T T 7h
=0+i[—— () =—
4 4 2
dz
— —=
C, z

The integral is independen t of the different path.



Ex : Evaluate the complex integral of f(z)=Re( z)along

the path C,,C, and C ; as shown in the previous examples.

27
@i c, :jo R cos t(—R sin t+ iR cos t)dt = i7R*

v 4 ¥4
(i) szj0 R cos t(—R sin t+ iR cos t)dt=—R2

2
(i) C5=C, +Cy :

j;m ) R(—R +iR)dt +j;(—sR)(—R —iR)ds

1 1
= szo(1 —1)(—1+i)dt + szo s(1+ i)ds

2
The integral depends on the different path.

1 1
=—R*(=1+N+—R*(1+i)=iR?
2



Cauchy theorem

If f(z)is an analytic function, and f | (2) is continuous

at each point within and on a closed contour C

:j;c f(z)dz=0

op( x, Oq( x,
If Mand Mare continuous within and

Ox Oy

on a closed contour C, then by two - demensiona |

Oq
divergence theorem —= H (— + —) dxdy = j; ( pdy — qdx )
Ox Oy

f(z)=u+ivand dz=dx +idy
I=§C f(z)dz=§> (udx —de)+i§ (vdx + udy)

_” [6( u) 6( V)]dxdy +1” [6( V) aX]dxdy =0

f(z)is analytic and the Cauchy - Riemann relations apply.




Ex : Suppose twos points A and B in the complex plane are joined
by two different paths C, and C,.Show that if f(2z)is an
analytic function on each path and in the region enclosed by the

two paths then the integral of f(z)is the same along C,and C,.

"‘01 f(z)dz—jCz f(z)dz=§> . f(z)dz=0 c,

2

path C, —C, forms a closed contour enclosing R

:jc f(z)dz=jc f(2)dz L
; |




Ex : Consider two closed contour C and yin the Argand diagram, } being

sufficient ly small that it lies completely with C.Show that if the function

f(z) is analytic in the region between the two contours then ﬁ: f(2)dz = j; f(z2)dz
Y

the area is bounded by I’, and
f (z) is analytic C

J;F f(2)dz=0

=§C f(z)dz+§>}/ 7’(Z)dz'|'j3C f(z)dz+J‘>C f(z)dz

> <

If take the direction of contour p as that of

contour C :>§C f(z)dz=§> f(z2)dz
Y

Morera' s theorem

if f(z)is acontinuous function of zin aclosed domain R

bounded by acurve C, for fc f(z)dz=0= f(z)is analytic.




Cauchy’s integral formula

If f(Zz)is analytic within and on aclosed contour C

: TR 1 f(2)
and Zz, is a point within C then f(z;)= f dz
274 °C z— z,

dz = dz
zZ— z, 7 z—2z,

f(2) f(2)
1=

for z=z, + pexp( i&), dz=ipexp( iB)dl

(27 f(z +pe“9)
! _Io lwiﬂ

ipe'dd

. >0
=ij02” f(z,+ %) dO = 27f (z,)




The integral form of the derivative of a complex function

: 1 f(2)
f(zy)= f 2dz
27 C(z—zo)
- f(z,+h)— f(z
f (z) = lim (2 +5) = 7(2)
h—0 h
1 f(z 1 1
= |lim [ § ( )( — )dz]
h—0 272Z1°C h z—Zzy,—h z—2z
1 f(z
= lim [— § (2) dz]
h—0 2784 9C (z—zy — h)(z— z,)
1 f(z
_ § ( )2dz
27 °C (z— z,)
n! f(z
For nth derivative ‘" (z,) = 4; (2) dz



Ex : Suppose that f(z)is analytic inside and on a circle C of radius

R centered on the point z=z,.If | f(z)|< M on the circle, where

Mn !
M is some constant, show that | f{")(z,) < -
R
n! f(z)dz n M Mn !
o0 C(z_zo)n+1 2”Rn+1 Rn

Liouville' stheorem :If f(z)is analytic and bounded for all

zthen f(z)is a constant.

Mn!
Rn
set n=1and let R > 0 =| f'(zo)|=0:> f'(zo)=0

Using Cauchy' sinequality :| f (”’(z0)|s

Since f(Zz)is analytic for all z, we may take Zz, as any

point in the z-plane. f '(z) =0 for all z= f(z) = constant




Taylor and Laurent series

Taylor's theorem:
If f(Zz)is analytic inside and on acircle C of radius R centered

on the point z=z,,and zis a point inside C, then

o0 00 f(”)
f(=Y a,(z-2)" =3 T2,y

nl

T—9 T—90U

1j')f(§)

f(2) is analytic inside and on C, so f(z) =

expand as a geometric series In =

o Eoz, -z &-z = E-z

= f(2)= 1 § f(ég) i(z zo) déf=1_§:(z_zo)n f(ég)

1 zZ— 2z, 1 1 i Z— 2z,
. o . (

27 7€ f— f_ z, 27 ~ C (QE_ zo)n+1
1 < 2 7f (") X A
=Ez_:(z_zo) e (ZO)=Z(Z_ZO) n!(ZO)

d£ where C£lies on C

)n



If f(z)has apole of order pat z= z, but is analytic at every other point inside

and on C.Then g(z)=(z—2z))” f(2)is analytic at z= z, and expanded as a Taylor

o0
series g(z) = an(z— z,)".

n=0

Thus , for all zinside C f(z) canbe exp andedasa Laurents eries

a_ a_ ;41 a_
f(z) = L+ P F o, + —

2
. p +a,ta(z—z))ta,(z— z,)
(z_zo) (z_zo) Z— Z

(n)
a =b . and b =9 (2 _ T 92 ., A c,
n n+p n nl 27” (z 5 )n+1
) T 40
1 z 1 f(z
= a, = f) a n)+1+ az = § ( )n+1 az
270 ° (z— z,) P 270 ° (z— z,)

o0
f(2)= Z a,(z—z,)" is analytic in aregion R between
=—0a0

two circles C, and C, centered on z= z,



f(z)= Y a,(z—2z)"

(1) If f(2)is analytic at z= z,, then all a, =0for n <0.
It may happen a, =0for n 20, the first non - vanishing
term is a,,(zz,)" with m >0, f(z)is said to have a zero

of order mat z= z,.

(2) If f(z)is not analytic at z= z,
() possible tofind a_,#0but a_, , =0for all k>0

f(z) has apole of order pat z=z,, a_, is called the residue of f(z)

(ii) impossible to find a lowest value of — p = essential singularit vy



1
Ex : Find the Laurent series of f(z)= 3 about the singularit ies
z(z—2)

z=0and z=2.Hence verify that z=0is apole of order 1and z=2is a

pole of order 3, and find the residue of f(z)at each pole.

(1) point z=10

F(2) = — 3 =—1[1+(_3}(—z}+(—3}(—4}(— z}z+(—3}(—4}(—5}(—z}3+___]
8z(1—z/2) 8z 2 2! 2 3! 2
1 3 3 52° _
=— — — Z———... Zz=0is apole of order 1
8z 16 16 32
(2) point z=2=>set z—2=E=>2(z—2)° =2+ OHE =281+ £72)
1 1
f(z)=—; I Fae AN NCI L,
28°1+£&72) 28 2" 2 2 2
1 1 1 1 & 1 1 1 1 z—2
= — +— 4+ — . = — + ——+ —
2{3 4;'2 8& 16 32 2(z—2)% 4(z-2)* 8(z—2) 16 32

z=2is a pole of order 3, the residue of f(z)at z=2is1 /8.



a_ a_
f(z) = Pt "t ag +a,(z—2)) +a,(2— 2,) " +..
(z— z,) (z— z,)

:(Z_zo)m f(Z) =a_m +a—m+1(z_20)+ ....... +a_1(z—zo)m_1 + ...

m—1 o0
= —( z—2z,))" f(2) =(m—-1) a_, +an(z—zo)"
dz n=1
Take the limit z—> z,
dm—1
R(z,)=a_, = lim { [(z—2z,)" F(2)] residue at z= z,
z—>z, (m—1) dzm_-I

(1) For asimple pole m=1= R(z,) = lim [(z—z;) f(2)]

zZ—>z,
. _ _9(2) : :
(2) If f(z)has asimple at z=z,and f(2)= , g(2) is analytic and
z
non -zero at zZ;and h(z,)=0
z—2z z z—z V4
= R(z) = tim 209 _ oy im 22 g2y tim = 9(z)

zZ—>2z, h(z) z—>z, h(2) 22z, h (2)  h(z)



Ex :Suppose that f(z)has apole of order m at the point z= z,.By

considerin g the Laurent series of f(z)about z,,deriving a general

expression for the residue R(z,)of f(z)at z= z,.Hence evaluate

exp iz
the residue of the function f(z)= . 5 at the point z=/.
(z"+1)
exp iz exp iz
f(z)= = poles of order 2at z=jand z=—j

(22 +1)%  (z+D?*(z—1)?

for pole at z=:

exp iz i ] 2 )
—[( Z—’) f(2)]= ]= , &Xp [z ————-exp iz
dZ (z+l) (z+ 1) (z+1i)
—1 2 _I

=1 e 'l=—
1 (2i)? (21)° 2e



Residue theorem

f(z) has apole of order mat z= z,

f(2)= ) a,(z—z)"

n=—m

/ =§C f(z)dz =£/ f(z)dz

set z= z, +,0e“9 =>dz= ipeiﬁdﬂ

| = ia § (z— zo) dz = za j‘ ip n+1 /(n+1)6’d9

n=—m n=—m
. n+1 _i(n+1)8
UG

27 . i
for n # —1 :>j ip"t ey = £ 2"=0
0 i(n+1)

27
for n=1:>_“0 id@=27m

| = fc f(z)dz = 27a _,




Residue theorem:

f(z) is continuous within and on a closed contour C

and analytic, except for a finite number of poles within C
§>C f(z)dz = Zmz R ;
j

ZR j is the sum of the residues of f(Zz)at its poles within C
J

(o




The integral [/ of f(z)along an open contour C

if f(z)has asimple pole at z= z,

= f(2)=@F2)+a_(z—z)"

¢(z) is analytic within some neighbour  surroundin g z,

|z—z,|=p and & <arg( z—z)) <6,

pis chosen small enough that no singularit y of f(z)except z= z,

| = Ic f(2)dz = jc Hz)dz+ a_, Ic (z—zo)_1 dz

lim _[C K2)dz =0

P—0
, g 1 g :

lim (3—1,[3 SipedO)=ia_ (6, - 8)
P—>0 1/09

for aclosed contour &, =@ +27= 1 =27ma_,

I = lim j f(2)dz =
p—>09C

Ozo




Integrals of sinusoidal functions
27
IO F (cos &,sin &)df set z=exp i@in unit circle

1 1 1 1 _
—=cos @=—(z+—), sin @=—(z——), df=—iz 'dz
2 z 2j z

27 cos 26
Ex : Evaluate I=j d@ for b>a>0

0 4224+ p%>—2abcos

1 _ 1 _
cosn@=—(2"+z")=>cos280=—(z"+z °)
2 2

1 — — 1
E(zz+z 2)(—iz 1)dz —;(z4+1)idz

cos 26 4O _

a’+b*>—2abcos & z*(za® + zb®> —abz* — ab)

1 —
az+b2—23b~;(z+z 1)
: 4 : 4
i (z +1)dz o (z +1)

— dz
2ab

2ab

2, 2_ 8 _ b 2, 4, _b
z°(z z(b +a)+1) z°(z b)(z a)



. 4
i z +1
I = ﬁ dz double poles at z=0and z= a /b within the unit circle

2807 (2= 2) (2= )
b a

m=1

Residue : R(z,)= lim { ! (z—2z,)" f(2)]
z—z, (M —1) dz™

(1) pole at z=0,m =2

o 1d ., z' +1
R(0)=lim {——[z" — )
z—0 1! dz z°(z—a/b)(z—b/a)
3 4
4z z +1)(—1)2z—(a/b+b/a
= lim { +( =l ( }]}=afb+hfa
z—0 (z—a/b)(z—b/a) (z—a/b)*(z—b/a)"
(2) pole at z=a/b, m =1
_ ' +1 (a/b)* +1 —(a’+p")
R(a/b)= lim [(z—a/b)— 1= . = > 2
z—>a/b zZ (z—a/b)(z—b/a) (a/b) (a/b—bj/a) ab(b"—a")

i a‘+bp° a® +p" 2 773’
I =24 X [ — 1=
2ab ab ab(b®—a”®) b’ (b* —a*)




Some infinite integrals

Iww f(x)dx

f(z) has the following  properties
(1) f(z) is analytic in the upper half - plane, Im z =0, except for
a finite number of poles, none of which is on the real axis.
(2) on a semicircle [ of radius R, R times the maximum  of
| flon I tends to zero as R — o (a sufficient condition

is that zf(z) >0 as | z|—=> o).

(3) fm F(x)dc and _[: F(x)dx both exist

:»fm f(x)dx =2mz R, —R
J

for IL_ f(2)dz |< 22R X (maximum of | f| on ), the integral along I

tends to zero as R — .




© dx )
Ex :Evaluate [ = I 5 > a a is real
O (x“ + a“)

dz A
ﬁ = I + 5 ' as R —» @ T
€ (22 +a%)* R(x% +a%)* F(z"+ a“)
. dz N dz N dx ai
rz* +a%)* (22 +a”)t o (x®+a%)*
- > >
(.'.:'2 +az)4 = 0 =>poles of order 4at z = *aj, —R 0 R
only z = ai at the upper half - plane
1 1 1 g _
setz=ai +&, &> 0> > i 24=—4(1——é'r:}’I
(z"+a%) (2ai &+ &) (2ai &) 2a
1 —4)(—5)—6) —i — 57
the coefficien tof & ' is 2 (Z4)(=5X }( )y = .
(2a) 3! 2a 32 a
o0 dx — 21 107 1 107 ST
I = 23}'{ ?) = - = [ = — X - =

0 (x? +aH* 32 a 32 a 2 32a 32a’



For poles on the real axis: y 4 r
[—

Principal value of the integral, defined as 2 — 0 * i

R zZ -0 R
PI f(x)dx = I f(x)dx + f(x)dx Y+ P

~R ~R z+p | [ .: \ >
for aclosed contour C "R 0 0 R X

zu_p ] - (3

ﬁ f(z}dz=I f(x)dx + f(z)dz + f(x}dx+j f(z)dz
c - R ’ Yz +p r

_ PI_RH F(x)dx + f f(2)dz +.-r f(2)dz

(1) for ), f(z)dz has apole at z = z, :‘:-L f(z)dz = —7la,
» ig .
(2) for ] f(z)dz set z=Re dz = iRe ST

= [ f(2dz = Ir fRe '%)ire "¢ d@

If f(z) vanishes faster than 1/ R*’as R > o0, the integral is zero



Jordan's lemma
(1) f(z)is analytic in the upper half - plane except for a finite

number of poles inIlm z> 0
(2) the maximum of | f(z) | > Oas| z|—> oin the upper half - plane
(3) m > 0, then

IT = Il“ e™ f(z)dz > 0as R — o, I'is the semicircul ar contour

/exp( imz )/ = [exp( —mR sin 8)/ !
imz T —mR sin @6 :
I SI le™™ f(2)lldz] £ MRJ' e dé !
r 0 l f =\sin &
w2 _ - l
=2MRI emRsmede i
0 ' >
Misth e maximum of /f(2)/on [z = R,R > oM — 0 /2 &

7/2 _ M _ M
Ip<2MR | e mR 20/ g =""(1— e ™) <

m m

asR >0 =>M 0=/ —>0



© COS mX A

Ex :Find the principal value of —dx areal,b m >0
-0 x — g I
. =
eImZ
Consider the integral [/ = f)c dz = 0 no pole in the
zZ— a ,
- 7PN
[ )
upper half - plane, and (z—a) /— 0Oas [zl = © -
- R 0 a R
imz

e
I=§> dz
C z—a

imx imz imz
a—p e e R e
=I dx + dz + dx+I dz =0
-R x—a Y z—a atp x — a I' 72— 3
eimz
AsR—)ooandp—)O:>I az —> 0
I'z—2a
0 imx ima
= P dx —iza_, =0 and a_, = e
-0 x —a
© COS mx ] © sin mx
= PI ———dx = —z'sin ma and P —————dx = 7ZZcos ma

—® x—a —® x —a



Integral of multivalued functions

i i 1/2
Multivalue d functions such as z

, Lnz
Single branch point is at the otigin. We let R — o
and p — 0. The integrand is multivalue d, its values

along two lines AB and CD joining z= pto z= R

are not equal and opposite.

Ex o1 =" o for a >0
X = or a

(1) the integrand  f(2) = (z+ a) >z /2, |zf (2)] > Oas p —>0and R > o©

the two circles make no contributi on to the contour integral

(2) pole at z = —a, and (—a)”2 =a'/%e'"!% = jg/?
1 37 1
R(—a) = lim 2+ a)® VLY
z—>—-a (3 —1)! 4z (z+a) z
2 .
1 d -1/2 _3I

= lm ———z =

z—>—a 2! dz2 835/2



5/2)

LB dz + II‘ dz + joc dz + L/dz = Zﬂi(Sa

and I dz = 0 and Idz=0
r 4

along line AB = z = xe io, along line CD = z = xe'*”

J.oo dx +J-o dx 3z
0,A>B (X + a)3x1/2 ©,C—D (XeiZIZ’ + a)3X1/Ze(1/2X2/Z'f) 435/2

=@ 1 )J'oo dx _ 37
00 dx _ 37T
= 3 1/2 5/2



© xsin x
Ex :Evaluate /(o) = j dx
—0 Xz _ 0_2
zsin z 1 ze” 1 ze ”
f—dz=— —dz — f) az=1,+1,
C ;2 _ g2 2i9C, ;2 _ 52 2i9¢c, ;2 _

(1) for /., the contour is choosed on the upper half - plane

due to the term eiz, and only one pole at z = O.

iz ix

1 ze 1 p—o—p xe

I, = — az = — dx
2i9¢, ;2 _ g? 2i9-R 2 _ g?
1 po-p xe™ 1 po xe ™ - R
+ — dx +—I dx
2/ 9-0tp x? _ o 2/ Jotp x* _ g”°
1 ze” 1 ze” 1 ze”
+ — | ———dz + I dz + I dz
2i %7 22 - 0'2 2i%7, 22 0'2 29I 22 0.2
1 ic .
= —27XRes( z=0)=7x =—e'7

2i 20 2



As © — 0 and R—}mjjrdz—}ﬂ

iz

1 Ze 1 — T _j
— dz = — X (—/)Res( z=—0) = —¢e '7
2i "V (z+ o) z— o) 2§ 4
1 ze” 1 T
— dz=—XmRes( z=0) = — e
2i V. (z+ o) z— o) 27 4
1 xe ™ T, ic —-io T o
I, = — 5 dx + —(e —e )= —e
2i%-® x? _ g° 4 2
(2) for /,, we choose the lower half - plane by the
term e ~, only one pole at z = —o
,r —1§ ze ” p —1 j—c:r—,ﬂ xe * p
Pogi e, 2 G2 2i =R 4?2 g?
1 po-p xe * " 1 .r:n xe ™ J 1 I ze” “ J
- —_— - = X = Z
2j motp 42 _ gt 2i Jotp x2 _ g2 2i 7. 22 — g*

1 ze 1 ze — 1 —ne'’ =z .
_ — 7 — j dz = (—:} * (—Zjﬂ} L — E”T
2i 7V A — g 2i 0 ;2 _ g2 2§ - 20 2




Asp—}D,R—}m:}ngz_}u

-1 ze “ -1 —oe'’ & .
| dz = (a2 = Z oo
2i . (z+ o)z - O) 2 — 20 4
—1 ze ” —1 oo 'Y - _i,
| dz = (—)( 1) =—"e
2i . (z+ o)z — o) 2j 20 4
B =—_[ dx + 2 (e'? —e 17y = Z ¢l?
2i =@ 42 _ g° 4 2
=1 = ""E_h T o 1 i —io
=>—| d = Ze'7 - —(e'7 = &'
2j == % _ 47 2
o X sin Xx 1 xe“ 1 powo Xe
b/ A T — a . T . .
=_EIJ__[EIJ_E IJ}_I__EIJ__{EIJ_E IJ}
2 4 2 4
. il . -/ a . —
=g’ ——e'"+—e ' ="(7+e ') =zcos O

2 2 2




